An incommensurate elliptical helical magnetic structure in the frustrated coupled-spin-chain system FeTe2O5Br is surprisingly found to persist down to 53(3) mK (T /TN ∼ 1/200), according to neutron scattering and muon spin relaxation. In this state, finite spin fluctuations at T → 0 are evidenced by muon depolarization, which is in agreement with specific-heat data indicating the presence of both gapless and gapped excitations. We thus show that the amplitude-modulated magnetic order intrinsically accommodates contradictory persistent spin dynamics and long-range order and can serve as a model structure to investigate their coexistence.
Geometrical frustration is a common precursor for exotic magnetic ground states -from long-range ordered (LRO) incommensurate (IC) spiral states to highly disordered frozen spin-glass states [1] . It can even lead to spin liquids, where spin fluctuations may endure down to zero temperature -persistent spin dynamics (PSD) [2] is present. Such behavior is typically found in highlyfrustrated pyrochlore and kagomé spin systems with macroscopically degenerate ground states [3] . Since spin fluctuations hinder the onset of extended static correlations, PSD and LRO are generally considered mutually exclusive. Remarkably, their coexistence in the same phase has been reported in several frustrated magnetic systems [4] [5] [6] [7] [8] , but still lacks a suitable explanation.
To explore this phenomenon we focus on the FeTe 2 O 5 Br multiferroic, in which the magnetic exchange network consists of alternating Fe 3+ (S = 5/2) spin chains coupled by weaker frustrated interactions within the bc layers [2] (Fig. 1) . The magnetic order at 5 K, i.e., well below the Néel temperature T N = 10.5 K, was described as an IC collinear amplitude-modulated (AMOD) structure, with magnetic vector q = ( 1 2 0.463 0) [1] . In such state only part of the total Fe magnetic moment at each site contributes to LRO, while its counterpart is disordered and may fluctuate. Generally, on cooling the ordered component fully develops, which manifests either as a "squaring" of the AMOD structure [11] or as a consecutive transition, where a perpendicular ordered component develops leading to a circular helix [12] . Since FeTe 2 O 5 Br exhibits no subsequent transition down to 300 mK [13] , it is possible that PSD and LRO coexist.
In this letter, we report on a combined study of spherical neutron polarimetry (SNP) and neutron diffraction, which reveals that the IC AMOD magnetic structure persists to the lowest accessible temperatures (T /T N ∼ 1/175). This is consistent with muon spin relaxation (µSR) measurements at T /T N ∼ 1/200, which in addition to static LRO signify the presence of PSD. The coexistence of LRO and PSD is supported by specificheat data, indicating gaped as well as gapless magnetic excitations. Our study suggests that this is intrinsic to AMOD magnetic structures. It offers a well-defined framework and a coherent explanation for the coexistence of LRO and PSD that has been missing for the known cases [8] . We begin by a re-investigation of the FeTe 2 O 5 Br magnetic ground state, combining single-crystal neutron diffraction and SNP, which was proven before to be invaluable for determination of complex magnetic structures [3] . The experiments were performed at 5 and 2 K, respectively, on high-quality single crystals [1] with an average size of 15 × 8 × 2 mm 3 at the Swiss Neutron Spallation Source (SINQ), Paul Scherrer Institute (PSI), Switzerland. For SNP the MuPAD device on the triple axis spectrometer TASP (λ = 3.2Å) was used, while the diffraction experiment employed the singlecrystal diffractometer TriCS (λ = 2.317Å). Polarization matrices were measured for three different crystal orientations [15] , accessing for the first time [1, 16] also hkl ± q (l = 0) magnetic reflections.
The general magnetic structure model, in which the magnetic order breaks all crystallographic symmetry operations [1, 16] , dictates the magnetic moment at a particular Fe site to follow an elliptical helix with the pitch along the magnetic q vector,
Here, vector r i defines the origin of the i-th cell, m = 1,2 identifies the crystallographically inequivalent Fe-sites, and n=1-4 denotes the four Fe positions within the crystallographic unit cell (see caption of Table I ). The complex vector S 0 mn is determined by its real and imaginary components, S Re 0 mn and S Im 0 mn , defining the amplitude and the orientation of the magnetic moments, while ψ mn denotes a phase shift. We assume the same moment S 0 mn ≡ S 0 m for all crystallographically equivalent Fe-sites. The reliability of the refined magnetic structure is ensured by simultaneous refinement of all SNP and integrated magnetic-peak intensities data [15] . The best solution ( Fig. 1 and Table I ) with the dominant component pointing ∼ 45
• away from a towards -b axis agrees with the previously proposed simplified collinear IC AMOD structure [1] . In addition, a small perpendicular component is identified, resulting in an overall elongated-elliptical cycloid (|S thus reveal a magnetic structure that combines AMOD and helical properties. The quality of the new refinement reflects in the reduced χ 2 = 9.6 of the polarization matrices being notably decreased with respect to its value in the collinear AMOD (14.7) and the circular helical structures (14.9) [15] . A small misfit [Figs. 2(a) and (b)] inevitably originates from a weak nuclear-magneticinterference term [15] .
At T → 0, the ordered component of the magnetic moments in the elliptical IC AMOD structure is expected to grow at the expense of the disordered one. This can reflect either as a change of the magnetic-reflection intensities, if circular helix is formed, or alternatively, as additional magnetic reflections with propagation vectors 3q, 5q, ... and intensities 1/9, 1/25, ... of the first-order magnetic reflections in case of "squaring" [11] . To detect such changes, single crystal neutron diffraction was performed at 60(3) mK (T /T N ∼ 1/175), where we recorded broad k-scans of several hkl ± q pairs, i.e., intersecting the positions of hkl ± nq, n = 3, 5, ... reflections. Surprisingly, we find no significant difference between 60 mK and 2 K data as well as no trace of higher harmonics [ Fig. 2(c) ], which implies that both the AMOD ordered component and its disordered counterpart are still present at the lowest accessible temperatures.
Since the neutron scattering experiments could probe only static magnetism, we employed a local-probe µSR technique, which is extremely sensitive to internal magnetic fields and can distinguish between fluctuating and static magnetism, as well as between LRO and static magnetic disorder [8] . The µSR-experiments were performed on the MUSR instrument at the ISIS facility, Rutherford Appleton Laboratory, United Kingdom, on the same high-purity powder samples as used in our ear-lier study [15, 18] . All the data in the following is shown with properly subtracted background signal (∼ 15 %) [15] . Preliminary results indicated that muons stop at several inequivalent positions [18] . However, to test the magnetic structure model, these must be precisely determined. New measurements were therefore first performed in the paramagnetic state, at 50 K [ Fig. 3(a) ], where weak static nuclear magnetic fields are expected to govern the µ + spin relaxation [8] . Since these fields can be exactly calculated from the crystal structure, they are essential for identification of the muon stopping sites, as demonstrated below. In case of a single muon stopping site, in a paramagnetic powder sample the muon polarization in zero applied magnetic field (ZF) is given by the Gaussian Kubo-Toyabe relaxation function
The former accounts for a static Gaussian nuclear field distribution with the width ∆/γ µ (γ µ = 2π×135.5 MHz/T), whereas the latter describes a weak dynamical relaxation due to fast electronic fluctuations [8] . The resulting function has a single dip, which is removed only by a fast dynamical relaxation, i.e., λ L ∆. Our ZF data exhibits a more complex behavior [ Fig. 3 (a)], as they require two two-component model
This model is supported by measurements in longitudinal applied magnetic fields (LF), where decoupling of the muon relaxation from nuclear-magnetic fields occurs in two steps at ∼ 0.5 and ∼ 2 mT [ Fig. 3(a) ], respectively. Simultaneous fit of all 50 K µSR data to the two-component model, extended for the case of LF [8] [ Fig. 3(a) ], yields the relative occupancies of the two muon stopping sites of 83(3) % and 17(3) % with corresponding ∆ A /γ µ = 0.064(5) mT and ∆ B /γ µ = 0.304(5) mT, whereas λ L = 0.039(3) µs −1 . Since µ + are positively charged particles and are generally expected to stop at the electrostatic-potential minima, we calculated the electrostatic potential in the FeTe 2 O 5 Br unit cell using density functional theory [15] . This way several possible stopping sites were identified [ Fig. 3(b) ], for which dipolar nuclear-magnetic field distributions were calculated [15] . The dominant ∆ A /γ µ is found to be in excellent agreement with nuclear field distributions calculated at two local electrostatic-potential minima, P 1 = (0.59, 0.12, 0.43) and P 2 = (0.25, 0.15, 0.90) [ Fig. 3(b) ]. These are thus assigned as the prime muon stopping sites. On the contrary, ∆ B /γ µ does not agree with calculated distribution at any electrostaticpotential-minima [15] , so the third (least occupied) muon stopping site remains unassigned.
Identification of the P 1 and P 2 stopping sites allows us to calculate local dipolar magnetic fields from the ordered Fe moments and thus to double-check the magnetic structure determined by neutrons. We computed [15] normalized field distributions D ij (B) at four inequivalent sites (j = 1-4) [Wyckoff position 4(e)] for each P i (i=1,2) felt by muons stopping in random unit cells [insets in Fig. 3(c) ]. In Fig. 3(c) , the ZF µSR data collected at 1.6 K at PSI [18] is shown together with the fit (dashed line) to the corresponding model
In this expression the first term, commonly called the "1/3-tail" [8] , describes muons in a powder sample, whose initial polarization is parallel to the internal magnetic field and therefore changes only due to fluctuations of this field. This term (dynamical relaxation rate λ L and stretch exponent α) is determined from long-time decay measurements presented in the next paragraph. Now we focus on the second term, which depicts oscillations due to internal fields induced by the LRO magnetic order. These oscillations are damped (λ i ) by spin fluctuations and/or static relaxation resulting from a distribution of muon stopping positions around P i [15] , with occupancy A i ( i A i = 1). The fit yields λ 1 = 0.60(5) µs −1 , λ 2 = 50(8) µs −1 and A 2 /A 1 = 1.4(1). Most importantly, our model excellently accounts for the experimental oscillation frequencies of the muon polarization determined by D ij (B) (no adjustable parameters) and thus firmly affirms the elongated-elliptical IC AMOD state. The small discrepancy [ Fig. 3(c) ] is most likely due to the neglected 17(3) % of muons, with unknown stopping position (∆ B ). Indeed, adding a third component with A 3 = 17 % and its decay approximated by exp(−λ 3 t) leads to a perfect agreement with the experiment [Fig. 3(c) ]. The improved model yields λ 3 = 11(1) µs −1 , while parameters λ 1 , λ 2 and A 2 /A 1 stay within the error bars of the twocomponent model. The agreement of the neutron and the µSR results proves that µSR probes the intrinsic magnetic properties and can thus provide an invaluable insight into spin dynamics of the FeTe 2 O 5 Br system.
In case of completely static (λ L = 0) local magnetic fields, the "1/3 tail" persists in the t → ∞ limit [Eq. (3)]. Since preliminary ZF µSR data implied its decay [18] , we extended these measurements to longer times and very low temperatures [ Fig. 4(a) ]. The new data confirm the decay of the "1/3 tail" and clearly show its persistence down to the lowest accessible temperature of 53(3) mK, i.e., T /T N ∼ 1/200. Since this decay can only be of dynamical origin, it unambiguously proves that muons, experiencing static magnetic fields due to the IC AMOD order, experience also local-field fluctuations, i.e., revealing the coexistence of PSD and LRO at T → 0.
To obtain deeper insight into PSD, we focus on the dynamic part of the µSR signal, i.e., muon polarization for t > 0.5 µs, where the second term in Eq. (3) is already relaxed [ Fig. 3(b) ]. These data are fitted with Fig. 4(a) ], where α accounts for the dynamical relaxation rate distribution ρ λL (ν), related to the stretched-exponential function by the Laplace [19] . A small α = 0.30 (2) , found temperature independent below T N , indicates a very broad ρ λL (ν) [inset in Fig. 4(a) ], which most likely reflects a distribution and dynamical nature of the disordered parts of the magnetic moments in the AMOD state. Additionally, ρ λL (ν) can be broadened because three different muon stopping sites are present. The obtained λ L [ Fig. 4(b) ] shows a linear temperature dependence and, most importantly, converges to a finite zero-temperature value λ 0 L = 0.012(2) µs −1 , characteristic of PSD. We note that in spite of the small λ 0 L , the broad ρ λL (ν) spans far into the µSR time window (ν >0.1 µs −1 ), as evident from substantial experimental decay of the "1/3-tail" at early times [ Fig. 4(a) ].
In LRO antiferromagnets, λ L (T ) is expected to follow either T n dependence with n > 2 for T ≫ ǫ g or exp(−ǫ g /T ) dependence for T ≪ ǫ g [8, [20] [21] [22] . Here ǫ g is the magnon energy gap. Considering ǫ g = 11.5 K, as determined in the recent antiferromagnetic-resonance study [2] , λ L (T ) should change exponentially with temperature in the inspected temperature range, which is clearly not the case [ Fig. 4(b) ]. Hence, λ L (T ) signifies magnetic excitations, which are different from the usual magnon modes in LRO states. Finite relaxation at T → 0 is typically found in gapless spin-liquids where it is ascribed to quantum spin fluctuations [2, 3, 23, 24] . In FeTe 2 O 5 Br, these most probably originate from the disordered component of the magnetic moments. The dual nature of the ground state is confirmed by the magnetic contribution c mag (T ) to specific-heat [13] , which is proportional to T 3 below T N and exhibits an additional broad hump around 3 K [ Fig. 4(c) ]. The former implies three-dimensional antiferromagnetic gapless excitations [5, [25] [26] [27] , while the latter reveals additional thermally activated exp(−ǫ g /T ) term due to the gapped magnetic excitations [26] .
Finally, we point out similar spin dynamics in the magnetic ground state of volborthite [22] , where spin-densitywave-like modulation [22] and IC spin correlations [28] were found. Moreover, recent calculations [29] showed that volborthite, like FeTe 2 O 5 Br [2] , has to be treated as a frustrated coupled-spin-chain system. This suggests that such systems are keen to form IC AMOD magnetic ground state, which offers a sound phenomenological explanation of the coexistence of PSD and LRO.
In conclusion, we have found that in FeTe 2 O 5 Br the elongated-elliptical IC AMOD magnetic structure persists down to T /T N ∼ 1/200, as a result of frustrated chain topology. In this state fluctuations of the disordered spin component at each magnetic site are intrinsic -they manifest as PSD at T → 0. Similar observations in volborthite suggest that IC AMOD magnetic order is a natural habitat for PSD and can serve as a model structure inherently encompassing the intriguing coexistence of PSD and LRO. This conjecture could be tested on linarite, for which frustrated chains were recently reported to induce a LRO AMOD structure [30] .
Further in-depth theoretical investigations are required to account for PSD in IC AMOD structures on the microscopic level.
Supplementary material: Persistent spin dynamics intrinsic to amplitude-modulated long-range magnetic order Spherical neutron polarimetry experiment was performed for three different crystal orientations. In addition to the hk0 orientation (O1), where the scattering plane was defined by the (1 0 0) and (0 1 0) reciprocal vectors [1] , the crystal was rotated to the scattering plane defined by the (0 1 0) and (1 0 2) (1 1 0) by ±1.7
• . The 54 accumulated polarization matrices were obtained for 45 different magnetic reflections, i.e., some of them were measured in two different crystal orientations or with reversed incoming neutron polarization.
To estimate the experimental uncertainty and to eliminate its influence on the modeling, we proceeded as follows. First, we took into account leakage of the opposite polarization in the incoming and scattered beams, by considering imperfect, 97.5(5) %, efficiency of the instruments polarizers. Second, since synchrotron data [1, 2] showed that the change of the crystal structure at T N is very subtle and is not yet fully determined, we had to neglect the existence of the nuclear-magnetic interference term and to assign purely magnetic origin to all IC reflections. To avoid unphysical results, we therefore increased the estimated standard deviations of the matrix elements so that they within the error bar obey the general symmetry of the polarization matrix for the purely magnetic case, e.g., P yy = −P zz , P yx = P zx , ... [3] [4] [5] [6] .
Applying the above approximations we performed several simulated annealing runs, refining all datasets (including 87 integrated magnetic-peak intensities from the conventional neutron diffraction experiment) to the same magnetic structure model, but at the same time allowing different domain populations for each experiment, i.e., separately for O1, O2, O3 and for integrated intensities [7] . The minimized total cost function is defined as cost tot = j χ 2 j /(N j obs -N par ). Here j is the number of the datasets and N par is the number of the fitting parameters. For each dataset with N j obs obser- vations we define χ
, where X denotes polarization matrix elements P and/or integrated intensities I, and σ X i obs is the estimated standard deviation of the observation. For the best magnetic structure model ( Table 1 in the main text) the resulting total cost is cost tot = 33.7 and partial costs cost P =χ 2 P /(N P obs -N par ) = 9.6 for polarization matrices and cost I =χ 2 I /(N Iobs -N par ) = 24.1 for integrated intensity. This is significantly better than cost tot = 36.1, obtained for the collinear AMOD model with cost P = 14.7 and cost I = 21.4 and that of the cycloidal (full moment) model cost tot = 36.2 with cost P = 14.9 and cost I = 21.3, especially when considering that polarization matrices hold more detailed directional information. A small deviation between the calculated and the observed polarization matrix elements is largely due to a weak nuclearmagnetic-interference term, which is most pronounced in P ix , i = y, z matrix elements, where the first and the second indexes indicate the polarization of the incoming and outgoing neutron polarizations, respectively. In particular, we where able to model the change of the P ix elements on reversal of the incident polarization (Fig. 5 ) only when considering additional nuclearmagnetic-interference term -the magnetic chiral contribution alone was not sufficient [3] [4] [5] [6] . The apparent nuclear-magnetic interference suggests the presence of higher order (> 2) terms in the magnetoelectric coupling that may explain a small induced electric polarization [1] .
The use of powder samples is essential to ensure that exactly 1/3 of muons have initial polarization parallel to a local magnetic field, which is most important for further analysis. To ensure the quality of the powder samples several well-characterized single crystals were grinded. We took special care of the background signal, whose presence is inevitable in the MUSR ISIS (MUSR instrument at the ISIS facility, Rutherford Appleton Laboratory, United Kingdom) setups due to muons stopping in the sample holder, cryostat tail, etc. As we combined data from two ISIS setups [a dilution refrigerator (DR) and a regular cryostat (RC)] as well as previous data from PSI, all with different backgrounds, these need to be properly subtracted from the data. The value of the background for each setup is set by two constraints: (i) from a non-frozen fraction at low-temperature [amplitude of the remaining oscillating part in a weak transversefield (TF) experiment below T N -contribution of muons that are not exposed to the static electronic magnetic field from the LRO and precess around the applied TF field], and (ii) by matching the ZF depolarization curves measured at the same temperature. We got about 15 % (depending on the setup) of background, which is typical for the used ISIS instrument (with given slit opening and sample size) and matches well with the known relaxation of a silver sample holder. Additionally, the subtracted ISIS and PSI data, all taken at T = 2 K, match well with each other [ Fig. 6(a) ].
Nuclear-magnetic field distributions at electrostaticpotential minima (Table II) were calculated by randomly orienting all nuclear magnetic moments (with appropriate abundance) within a fictitious Lorentz sphere with radius large enough to ensure convergence.
Similar approach was used for calculating the electronic magnetic field distributions at P 1 and P 2 sites in the LRO magnetic state. These distributions were exactly determined by magnetic structure model and acquire finite widths due to IC modulation of the magnetic structure along the b-axis. The (contact) hyperfine interaction between muons and electrons is neglected. There are several justifications for this. First, both known muon stopping sites P 1 and P 2 lie well outside the exchange paths (outside bc planes defining the plane of coupled chains). The distance of both to the nearest iron is more than 2.5Å, whereas the nearest oxygen is 1.35Å away (Table II) . Therefore, we do not expect significant electron density on these sites. The latter distance is in reasonable agreement with the usual distance ∼ 1.0Å, expected when muon bond to oxygen [8] . Second, the calculated dipolar fields match perfectly with observed oscillations in muon polarization (with no adjustable parameters).
In search for the possible third muon stopping site, we calculated nuclear-magnetic field distributions throughout the unit cell. This allowed us to identify positions with fields corresponding to experimentally determined value. Since these positions are far from the local electrostatic-potential minima, we speculate that the corresponding muons may deform their local environment and change the electrostatic potential. Given the high field strength at this sites, their positions have to be away from stopping sites P 1 and P 2 in the vicinity of oxygens. One of the possibilities is that they are close to Br atoms, which possess the highest nuclear magnetic moments.
Finally, field decoupling at lowest temperatures implies that relaxation of the "1/3 tail" is not due to nuclear field relaxation on the unknown stopping site [∆ B /γ µ = 0.304(5) mT] and thus show that it is indeed dynamical [ Fig. 6(b) ].
DENSITY-FUNCTIONAL-THEORY CALCULATIONS
The electrostatic potential was calculated ab initio within the framework of the density-functional theory and the local-density approximation (LDA) [9] of the exchange-correlation potential. We applied the Wien97 code [10] , which adopts the full-potential linearizedaugmented-plane-waves (FLAPW) method [11] . The calculations were performed for the structure with the experimental atomic positions and the lattice parameters, whereas the muffin-tin radia were 2.1 a.u. for the [12] with the smearing parameter of 0.02 Ry. The potential was calculated on a discrete mesh containing 100 × 100 × 100 points within the unit cell. From the calculated data we determined the most pronounced local electrostatic-potential minima given in Table II. These were all found in vicinity of oxygen sites, as expected for oxides [8] . We note that potential wells around the listed minima significantly differ among each other, i.e., some being very sharp while others very broad [ Fig. 3(b) in the main text]. Latter thus allow muons more freedom when choosing their actual stopping site.
SPECIFIC HEAT -DETERMINATION OF THE LATTICE CONTRIBUTION
To deduce magnetic contribution to the specific heat c mag (T ), one needs first to estimate phonon contribution due to crystal lattice vibrations. Since there exists no isostructural nonmagnetic compound for FeTe 2 O 5 Br, we need to model the high-temperature data, i.e., above 50 K, where magnetic correlations should already be negligible [13] . The most common approach is based on the Debye model [14] , where vibrational modes are approximated by elastic vibrations of an isotropic continuous body, with a linear dispersion relation. However, this model alone cannot explain our experiments since total specific heat (c p ) at high temperatures shows much stronger temperature dependence. In order to explain high-temperature phonon contribution we refer here to far-infrared investigation of the isostructural magnetic compound FeTe 2 O 5 Cl [15] , where a number of vibrational modes were identified. The fact that most of these modes are sharp suggests that they correspond to welldefined nondispersive optical modes. Therefore, in addition to the Debye contribution accounting for (linearly) dispersive acoustic vibrational modes, we took into account the strongest four optical modes, i.e., 320, 400, 470, and 650 cm −1 , and approximate them with corre- sponding four Einstein contributions [14] . As a result we obtained a very good description of the high-temperature data ( Fig. 7) with the Debye temperature T D = 280 K. We note that low-temperature (T < T N ) part of the specific heat results can be fitted also with the Debye model alone, which would suggest that c mag (T < T N ) is absent. However, such model yields completely unphysical behavior above (T > T N ), making this model unrealistic.
